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RXR3 aQmb@p�`Bûiûb 2i i?ûQ`ĕK2 /2b 2ti`2KmKb HBûb
.û}MBiBQM , aQmb@p�`Bûiû
aQBi n P N˚X PM /Bi [m2 M Ă Rn 2bi mM2 bQmb@p�`Bûiû /2 /BK2MbBQM m /2 Rn 2M HǶmM /2 b2b TQBMib x0 bǶBH
2tBbi2 W mM pQBbBM�;2 /2 x0 2i mM /BzûQKQ`T?BbK2 f : W ÝÑ U bm` mM Qmp2`i U /2 Rn i2H [m2 f(x0) = 0
2i M X W = f´1 (U X (t0u ˆ Rm))

M
f !! U

M X W
!"

""

f !! U X (t0u ˆ Rm)
!"

""

S`QTQbBiBQM , aQB2Mi f1, ¨ ¨ ¨ , fn´m /2b 7QM+iBQMb /Bzû`2MiB�#H2b /û}MB2b bm` W - mM pQBbBM�;2 /ǶmM x0 P RnX
PM bmTTQb2 [m2 f1(x0) = ¨ ¨ ¨ = fn´m(x0) = 0 2i [m2 (Dfi (x0))1!i!n´m bQMi HBMû�B`2K2Mi BM/ûT2M/�Mi2bX
�HQ`b HǶ2Mb2K#H2 M = tx P W z f1(x) = ¨ ¨ ¨ = fn´m(x) = 0u 2bi mM2 bQmb@p�`Bûiû 2M x0 /2 /BK2MbBQM mX

.ûKQMbi`�iBQM , S�` H2 i?ûQ`ĕK2 /2 H� #�b2 BM+QKTHĕi2- BH 2tBbi2 /2b 7Q`K2b HBMû�B`2b u1, ¨ ¨ ¨ , um /2
(Rn)˚ i2HH2b [m2 , (Df1 (x0) , ¨ ¨ ¨Dfn´m (x0) , u1, ¨ ¨ ¨ , um) 2bi mM2 #�b2 (Rn)˚X J�Bb �HQ`b 2M TQb�Mi TQm`
k P [[1,m]]- fn´m+k = uk - +2b 7QM+iBQMb bQMi /Bzû`2MiB�#H2b 2i û;�H2b ¨ H2m`b /Bzû`2MiB2HH2b 8d 2i /QM+
H� 7QM+iBQM f = (f1, ¨ ¨ ¨ , fn) : W ÝÑ Rn 2bi /Bzû`2MiB�#H2- �p2+ Df (x0) BMp2`bB#H2 83 /QM+ 2HH2 `û�HBb2
mM /BzûQKQ`T?BbK2 HQ+�H /2 W bm` mM pQBbBM�;2 /2 0X PM pû`B}2 2M}M b�Mb T2BM2 [m2 H2b �tBQK2b /2 H�
/û}MBiBQM /2 bQmb@p�`Bûiû bQMi #B2M pû`B}ûbX

.û}MBiBQM , 1bT�+2 i�M;2MiX
Ç o2`bBQM �H;û#`B[m2 , aQBi X Ă Rn mM2 bQmb@p�`Bûiû 2i x0 P XX PM �TT2HH2 2bT�+2 i�M;2Mi 2M x0 ¨ X- MQiû
Tx0(X)- HǶBK�;2 /2 t0u ˆ Rm T�` HǶBMp2`b2 (Df (x0))´1 /2 H� /Bzû`2MiB2HH2 /2 f 2M x0X *2H� b2 MQi2 �mbbB ,

Tx0(M) =
n´mč

i=1

F2` (Dfi (x0))

Ç o2`bBQM ;ûQKûi`B[m2 , aQBi X Ă Rn mM2 bQmb@p�`Bûiû 2i x P XX PM �TT2HH2 2bT�+2 i�M;2Mi 2M x ¨ X-
MQiû Tx(X) 8N H� T�`iB2 /2 Rn +QMbiBimû2 /2b p2+i2m`b γ1(0) i�M;2Mib 2M x �mt +Qm`#2b γ : R ÝÑ Rn /2
+H�bb2 C 1 [mB T�bb2Mi T�` x 2M 0 ey- 2i i`�+û2b /�Mb XX 6Q`KmHû �mi`2K2Mi- +2b +Qm`#2b T2mp2Mi āi`2 pm2b
+QKK2 /2b 7QM+iBQMb γ P C 1(R ÝÑ Rn) /QMi HǶBK�;2 `2bi2 /�Mb X- 2i i2HH2b [m2 γ(0) = xX

.ûKQMbi`�iBQM , .ûi�BHHQMb [m�M/ KāK2 HǶû[mBp�H2M+2 2Mi`2 +2b /û}MBiBQMb ,
Ç S�` H� /û}MBiBQM- Tm(M) 2bi #B2M mM 2bT�+2 p2+iQ`B2H /2 /BK2MbBQM n ´ kX
Ç S�` H2 i?ûQ`ĕK2 /m `�M;- 2M MQi�Mi g = (g1, ¨ ¨ ¨ , gk)- 2i T =

n´mŞ
i=1

F2` (Dfi (x0)) ,
/BK(Rn) = `;(Dg (m)) + /BK(F2`(Dg (m))) Q` F2`(Dg (m)) = T T�` +QMbi`m+iBQM /QM+ /BK(T ) = n ´ kX
Ç aQBi v P Tm(M)- 2i bQBi γ �bbQ+Bû +QKK2 /�Mb H� /û}MBiBQMX *QKK2 AK(γ) Ă M - TQm` iQmi i P [[1, k]]
2i iQmi t P I QM � gi(γ(t)) = 0 /QM+ 2M /Bzû`2MiB�Mi , Dgi (γ(t)) ˝ Dγ (t) = 0- 2i 2M ûp�Hm�Mi 2M t = 0 QM
i`Qmp2 Dgi (m) ¨ (v) = 0 /QM+ v P T 2i BM }M2 , Tm(M) Ă T X

8dX *�H+mHû2b 2M MǶBKTQ`i2 [m2H TQBMi- pm [m2 +2 bQMi /2b 7Q`K2b HBMû�B`2bX
83X SmBb[m2 iQmi2b H2b Dfi (x0) bQMi HBMû�B`2K2Mi BM/ûT2M/�Mi2b 5
8NX AH K2 b2K#H2 QTTQ`imM /Ƕ�pQB` 2M iāi2 H2 /2bbBM /ǶmM2 bT?ĕ`2 2i /2 bQM TH�M i�M;2Mi 2M mM TQBMi /2 b� bm`7�+2X oQmb

+QKT`2M/`2x [m2 DǶ�B mM T2m H� ~2KK2 /2 H2 7�B`2 2M G�h1sX
eyX *2ii2 p�H2m` 0 2bi �`#Bi`�B`2- K�Bb +Ƕ2bi THmb 7�+BH2X
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S`QTQbBiBQM , h?ûQ`ĕK2 /2 bm#K2`bBQM
aQBi f P C 1(Rn ÝÑ Rm) 2i bQBi X H� HB;M2 /2 MBp2�m f´1(tyu) TQm` mM y P RmX aB f 2bi mM2 bm#K2`bBQM
2M iQmi TQBMi /2 X eR- �HQ`b X 2bi mM2 bQmb@p�`Bûiû /2 Rn- /2 /BK2MbBQM n ´ mX

.ûKQMbi`�iBQM , aQBi W Ă Rn Qmp2`i +QMi2M�Mi x0 2i f : W ÝÑ Rm /Bzû`2MiB�#H2- bm#K2`bBp2 2M x0X
�HQ`b x0 �TT�`iB2Mi ¨ H� HB;M2 /2 MBp2�m M = f´1(tf(x0)u)X JQMi`QMb [m2 M 2bi mM2 bQmb@p�`Bûiû 2M x0

/2 /BK2MbBQM n ´ m- �p2+ Tx0(M) = F2`(Df (x0)) ,
LQiQMb f = (f1, ¨ ¨ ¨ , fm) 2M +QKTQb�Mi2bX �HQ`b H2b H2b K�i`B+2b /2b (Df (xi))1!i!m 7Q`K2Mi H2b HB;M2b /2
H� D�+Q#B2MM2 /2 f 2M x0- +Ƕ2bi ¨ /B`2 /2 Jx0(f) = J�iBn,Bm(Df (x0)) Qɍ Bn /ûbB;M2 H� #�b2 +�MQMB[m2 /2
RnX S�` ?vTQi?ĕb2- +2ii2 K�i`B+2 2bi /2 `�M; m- /QM+ b2b m HB;M2b bQMi #B2M HBMû�B`2K2Mi BM/ûT2M/�Mi2bX
G� T`QTQbBiBQM T`û+û/2Mi2 T2`K2i /2 +QM+Hm`2- 2M bm#biBim�Mi 0 ¨ f(x0)- +2 [mB 2bi Tm`2K2Mi �++2bbQB`2X

J�BMi2M�Mi [m2 MQmb �pQMb iQmb H2b QmiBHb- �HHQMb@v 2i T�bbQMb ¨ H� T`2mp2 /m i?ûQ`ĕK2X

G2KK2 , aQB2Mi v, u1, ¨ ¨ ¨ , uk /2b 7Q`K2b HBMû�B`2b bm` RnX amTTQbQMb [m2 u1, ¨ ¨ ¨ , uk bQMi HBMû�B`2K2Mi

BM/ûT2M/�Mi2b- 2i [m2
kŞ

i=1
F2`(ui) Ă F2`(v)X �HQ`b BH 2tBbi2 (λ1, ¨ ¨ ¨ ,λk) P Rk i2H [m2 v =

kÿ

i=1

λiui

.ûKQMbi`�iBQM , SQbQMb F = o2+i(u1, ¨ ¨ ¨ , uk) 2i D = o2+i(v) /�Mb (Rn)˚X

PM � ,
kŞ

i=1
F2`(ui) = tx P Rn z @i P [[1, k]] : ui(x) = 0u = F ˝ 2i F2`(v) = tx P Rn z v(x) = 0u = D˝- +2b

/2mt Q`i?Q;QM�mt ûi�Mi T`Bb �m b2Mb /2 H� /m�HBiûX GǶ?vTQi?ĕb2 /ǶBM+HmbBQM ûi�Mi F ˝ Ă D˝- T�` T`QT`Bûiû
/2 /m�HBiû- QM /û/mBi D Ă F - [mB 2bi 2t�+i2K2Mi +2 [m2 HǶQM pQmH�BiX

h?ûQ`ĕK2 , 1ti`2KmKb HBûb
aQB2Mi f, g1, ¨ ¨ ¨ , gk : U Ă Rn ÝÑ Rn /2b 7QM+iBQMb C 1X LQiQMb M = tx P U z g1(x) = ¨ ¨ ¨ = gk(x) = 0uX
aB H� `2bi`B+iBQM f|M �/K2i mM 2ti`2KmK `2H�iB7 2M m P M - 2i bB H2b Dm (gi) TQm` 1 ! i ! k bQMi HBMû�B`2K2Mi

BM/ûT2M/�Mi2b- �HQ`b BH 2tBbi2 (λ1, ¨ ¨ ¨ ,λk) P Rn i2H [m2 , Df (m) =
kÿ

i=1

λiDgi (m)

.ûKQMbi`�iBQM , PM `2K�`[m2 [m2 M 2bi #B2M mM2 bQmb@p�`Bûiû ek

Ç S�` /û}MBiBQM /2 HǶ2bT�+2 i�M;2Mi- QM � Tm(M) =
kŞ

i=1
F2` (Dgi (m))X SQm` +QM+Hm`2- QM p� �TTHB[m2` H2

H2KK2- 2i TQm` +2H� BH bm{i /2 pû`B}2` [m2 Tm(M) Ă F2`(Df (m)) ,
Ç aQBi v P Tm(M)X AH 2tBbi2 �HQ`b mM BMi2`p�HH2 I Ă R [mB +QMiB2Mi 0- i2H [m2 γ P C 1(I ÝÑ M) pû`B}2
γ(0) = m 2i γ1(0) = vX �HQ`b T�` +QMbi`m+iBQM- +QKK2 AK(γ) Ă M , f|M ˝ γ = f ˝ γX G� 7QM+iBQM f �/K2i
mM 2ti`2KmK 2M m T�` ?vTQi?ĕb2- B2 H2 K2K#`2 /2 ;�m+?2 �/K2i mM 2ti`2KmK 2M t = 0- +2 [mB BKTHB[m2
HǶ�MMmH�iBQM /2 H� /Bzû`2MiB2HH2 2M t = 0 ,

[t ÞÑ Df (γ(t)) ¨ (Dγ (t))]|t=0 = Df (m) ¨ (v) = 0

_û7û`2M+2b , (*:R3) TQm` HǶBMi`Q- (�p23j) 2i ej TQm` H2 `2bi2X
@ *�H/2`Q@:2`KQMB c LQmp2HH2b ?BbiQB`2b ?û/QMBbi2b /2 ;`QmT2b 2i /2 ;ûQKûi`B2b- AA c T�;2 3j@39
@ �p2x c *�H+mH /Bzû`2MiB2H c T�;2 Ryj

eRX *Ƕ2bi ¨ /B`2 bB Df (x) 2bi bm`D2+iBp2 2M iQmi x P XX
ekX M = g´1(0Rk)- TQm` g = (g1, ¨ ¨ ¨ , gk) 2i H� 7�KBHH2 (Dgi (a))1!i!k 2bi HB#`2 T�` ?vTQi?ĕb2 /QM+ Dg (a) 2bi bm`D2+iBp2X
ejX J�`B2- /m bBi2 ?iiTb,ff�;`2;@K�i?bX7`f/2p2HQTT2K2Mibfkk9- �mi2m`2 /ǶmM2 p2`bBQM #B2M /ûi�BHHû2- [m2 DǶ�B ;`�M/2@

K2Mi 2tTHQBiûX
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