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kXd úim/2 /m ;`QmT2 SO2 (Fq)

h?ûQ`ĕK2 , aQBi p P - p ‰ 2- n P N˚ 2i q = pn �p2+ n P N˚

SO2 (Fq) »
BbQK

#
Zf(q ´ 1)Z bB ´ 1 P F˚(2)

q

Zf(q + 1)Z bB ´ 1 R F˚(2)
q

.ûKQMbi`�iBQM , SO2 (Fq) =

"
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a b
c d

)
z /2i(A) = 1 , AtA = A2

*

*2ii2 /2b+`BTiBQM 7Qm`MBi , SO2 (Fq) =
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a b
c d

)
z ad ´ bc = a2 + b2 = c2 + d2 = 1 , ac+ bd = 0

*

aQBi (a, b) P (Fq)
2 i2H [m2 a2 + b2 = 1 2i bQBi H2 bvbiĕK2 , (S) =

#
ac+ bd = 0

ad ´ bc = 1
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)
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)
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*2 bvbiĕK2 � TQm` /ûi2`KBM�Mi δ = a2+ b2 = 1 ‰ 0 /QM+ BH v � mM2 mMB[m2 bQHmiBQM- [mǶQM i`Qmp2 �BbûK2Mi
+QKK2 ûi�Mi (c, d) = (´b, a)X PM pû`B}2 �BMbB �mbbB HǶû;�HBiû c2 + d2 = 1X

LQiQMb C1(Fq) = t(a, b) P (Fq)2 z a2 + b2 = 1uX S�` +2 [mB T`û+ĕ/2- BH v � /QM+ mM2 #BD2+iBQM /QMMû2 T�`

f C1(Fq) ÝÑ SO2 (Fq)

(a, b) ÞÝÑ
(

a b
´b a

)

RV S`2KB2` +�b , ´1 P F˚(2)
q =

!
x2 z x P F˚

q

(
X aQBi ω P F˚

q i2H [m2 ω2 = ´1
a2 + b2 = 1 ô (a+ ωb)(a ´ ωb) = 1 2i TmBb[m2 p ‰ 2- QM T2mi TQb2` H2 +?�M;2K2Mi /2 p�`B�#H2b ,

#
x = a+ ωb

y = a ´ ωb
ô
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x+ y
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b =

x ´ y

2ω

G� #BD2+iBQM f T2`K2i /2 /B`2 , |SO2 (Fq)| = |C1(Fq)| = |t(x, y) P (Fq)2 z xy = 1u| = q ´ 1 k9

aQBi HǶ�TTHB+�iBQM
ϕ SO2 (Fq) ÝÑ F˚

q

A =

(
a b

´b a

)
ÞÝÑ a+ ωb

X *Ƕ2bi mM KQ`T?BbK2 /2 ;`QmT2b U7�+BH2 ¨ pû`B}2`VX

Ç aB ϕ(A) = a+ ωb = 1- �HQ`b y = a ´ ωb =
a2 + b2

a+ ωb
= 1 /QM+ a = 1 2i b = 0 , ϕ 2bi BMD2+iB7

Ç AH v � û;�HBiû /2b +�`/BM�mt T�` +2 [mB T`û+ĕ/2- /ǶQɍ H� bm`D2+iBpBiûX

PM +QM+Hmi [m2 ϕ 2bi #B2M mM BbQKQ`T?BbK2X

kV a2+QM/ +�b , ´1 R F˚(2)
q =

!
x2 z x P F˚

q

(
U6�B`2 H2 /2bbBM- };m`2 jXR T�;2 8k /2 H� `û7û`2M+2V

LQiQMb N = (´1, 0) /�Mb H2 TH�M (Fq)2X aQBi t P Fq- QM MQi2 M = (1, 2t)X PM pQBi [m2 H� /`QBi2 (NM)
+QmT2 H2 +2`+H2 2M N 2i 2M mM b2+QM/ TQBMi p(t) UT�`�Kûi`�;2 /2 x, yV- /QM+ /ûKQMi`QMb@H2X

Ç G� /`QBi2 (NM) � TQm` û[m�iBQM y = t(x+ 1) 2i H2 +2`+H2 � TQm` û[m�iBQM , x2 + y2 = 1

*2H� MQmb /QMM2 , x2(1 + t2) + 2t2x+ (t2 ´ 1) = 0- [mB 2bi mM2 û[m�iBQM /2 /2;`û 2 U+�` ´1 R F˚(2)
q V

k9X G� /2`MBĕ`2 û;�HBiû T`QpB2Mi /m 7�Bi [m2 }t2` x BKTQb2 �miQK�iB[m2K2Mi H� p�H2m` y = 1/xX
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1HH2 TQbbĕ/2 /2mt bQHmiBQMb- x = ´1 2bi H� T`2KBĕ`2 k8- 2i H� b2+QM/2 2bi /QMMû2 T�` H� 7Q`KmH2 ,
x(´1) =

t2 ´ 1

1 + t2
/ǶQɍ mM y =

2t

1 + t2

Ç AMp2`b2K2Mi- bB QM b2 /QMM2 M 1(x, y) P C1(Fq)- �p2+ M 1 ‰ N - QM � x ‰ ´1X
�BMbB- (NM 1) X tx = 1u 2bi `û/mBi2 ¨ 1 TQBMi- +2 [mB 7�Bi [m2 p ûi�#HBi mM2 #BD2+iBQM Fq ÝÑ C1(Fq)z tNu 2i
/QM+ |C1(Fq)z tNu| = q

AM }M2- QM � |SO2 (Fq)| =loomoon
f

|C1(Fq)| =loomoon
p

q + 1X AH `2bi2 �HQ`b ¨ KQMi`2` [m2 SO2 (Fq) 2bi +v+HB[m2X

SQm` +2H�- QM T`Q+ĕ/2 /2 7�ÏQM �M�HQ;m2- K�Bb 2M BMD2+i�Mi +2ii2 7QBb SO2 (Fq) ãÑ Fˆ
q2

ke [mB 2bi mM2
2ti2MbBQM Qɍ ´1 TQbbĕ/2 mM2 `�+BM2 kdX
S�` i?ûQ`ĕK2 /ǶBbQKQ`T?BbK2- QM � /QM+ , SO2 (Fq)fF2`(ϕ̃) »

BbQK
AK(ϕ̃) ă Fˆ

q2

P`- H2 bQmb ;`QmT2 KmiBTHB+�iB7 /ǶmM +Q`Tb }MB 2bi +v+HB[m2 k3 - /QM+ Fˆ
q2 2bi +v+HB[m2- 2i iQmi bQmb@;`QmT2

/ǶmM ;`QmT2 +v+HB[m2 2bi HmB@KāK2 +v+HB[m2- +2 [mB �+?ĕp2 H� T`2mp2- T�` BMD2+iBpBiû /2 ϕ̃X

_û7û`2M+2 , (*:R3)
@ *�H/2`Q@:2`KQMB c LQmp2HH2b ?BbiQB`2b ?û/QMBbi2b /2 ;`QmT2b 2i /2 ;ûQKûi`B2b - hQK2 AA c T�;2 8y@8R

k8X Zm2 HǶQM û+�`i2- +�` +Ƕ2bi N - 2i H� L +Ƕ2bi T�b i`ĕb i`ĕb ;2MiBHX

keX PM MQi2 µ mM2 `�+BM2 /2 ´1 /�Mb Fˆ
q2 2i QM � H2b BMD2+iBQMb

SO2 (Fq) ãÑ SO2

(
Fq2
)

ãÑ Fˆ
q2(

a b
´b a

)
ÞÑ

(
a b

´b a

)
ÞÑ a+ µb

kdX aB ´1 R F(2)
q - �HQ`b X2 + 1 2bi B``û/m+iB#H2 /�Mb Fq[X] UBH 2bi b�Mb `�+BM2b- 2i /2 /2;`û 2V- 2i /QM+ L = Fq [X]f(X2 + 1)

2bi mM2 2ti2MbBQM /2 Fq- �p2+ [L : Fq] = /2;(X2 + 1) = 2X S�` mMB+Biû- L = Fq2 - 2i +Ƕ2bi mM +Q`Tb /2 `mTim`2 /2 X2 + 1- +2
[mB �bbm`2 [m2 ´1 P F(2)

q2 X LQiQMb /Ƕ�BHH2m`b [m2 +2i �`;mK2Mi 7QM+iBQMM2 TQm` MǶBKTQ`i2 [m2H ûHûK2Mi MQM +�``ûX
k3X "B2M [m2 +H�bbB[m2- +2 T2iBi H2KK2 Kû`Bi2 mM T2m /Ƕ�ii2MiBQM ,

LQiQMb |G| = N X S�` HǶB/2MiBiû /Ƕ1mH2` , N =
ÿ

d|N
ϕ(d)X PM T2mi �mbbB +QKTi2` �p2+ H2b Q`/`2b `2bT2+iB7b- +2 [mB MQmb /QMM2

H� 7Q`KmH2 , N =
ÿ

k|N
|tg P G z Q`/(g) = ku| =

ÿ

k|N
Nk (♣)X

aQBi g P G �p2+ Q`/(g) = k 2i k | N X PM � |〈g〉| = k 2i 〈g〉 »
BbQK

ZfkZX S�` /û}MBiBQM- 〈g〉 +QMiB2Mi ϕ(k) ûHûK2Mib /ǶQ`/`2 kX
JQMi`QMb [m2 +2 bQMi H2b ûHûK2Mib /2 〈g〉X S�` /û}MBiBQM- H2b ûHûK2Mib /2 〈g〉 bQMi `�+BM2b /2 (Xk ´ 1) P K[X]X AH v � �m THmb
k `�+BM2b TQm` +2 TQHvMƬK2 UK 2bi mM +Q`TbV 2i |〈g〉| = k /QM+ H2b `�+BM2b bQMi 2t�+i2K2Mi 〈g〉X
aB g1 2bi mM ûHûK2Mi /ǶQ`/`2 k- +QKK2 (g1)k = 1- BH bǶ2M bmBi [m2 g1 P 〈g〉- 2i G +QMiB2Mi /QM+ iQmDQm`b ϕ(k) ûHûK2Mib /ǶQ`/`2
k- /ĕb HQ`b [mǶBH 2M 2tBbi2 mM- +2 [mB bB;MB}2 [m2 TQm` k | N , Nk P t0,ϕ(k)u (♠)

N =loomoon
(♣)

ÿ

k|N
Nk !loomoon

(♠)

ÿ

k|N
ϕ(k) = N

.QM+ BH v � û;�HBiû T�`iQmi- +2 [mB 7Q`+2 Nk = ϕ(k) TQm` iQmi k | N X 1M T�`iB+mHB2`- NN = ϕ(N) " 1X AH v � /QM+ ϕ(N)
ûHûK2Mib /ǶQ`/`2 N - 2i BH bm{i /Ƕ2M +?QBbB` mMX
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