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RXd h?ûQ`ĕK2 /2 "`Qmr2` /�Mb H2 TH�M 2m+HB/B2M
.û}MBiBQM , aQBi f : R2 ÝÑ R2 mM2 7QM+iBQM C 0X
PM HmB �bbQ+B2 H2 +?�KT /2 p2+i2m`b `2T`ûb2Miû T�` ,

ÝÑ
Vf R2 ÝÑ R2

P ÞÝÑ ÝÑ
V (P ) =

ÝÝÝÝÑ
Pf(P )

_2K�`[m2 , PM T2mi �HQ`b pQB` f �BMbB , f R2 ÝÑ R2

P ÞÝÑ P +
ÝÑ
Vf (P )

.û}MBiBQM , aQBi X Ă R2X PM /Bi [m2 X � H� T`QT`Bûiû /m TQBMi }t2 bB 2i b2mH2K2Mi bB iQmi2 �TTHB+�iBQM
f : X ÝÑ X [mB 2bi C 0 � �m KQBMb mM TQBMi }t2X
�p2+ H2b +?�KTb /2 p2+i2m`b- QM � /QM+ H� 7Q`KmH�iBQM , DP P X z ÝÑ

Vf (P ) = 0R2

.û}MBiBQM , h`B�M;mH�iBQM /2 aT2`M2`
aQBi ∆ = [A,B,C] mM i`B�M;H2 /m TH�M R2X PM �bbQ+B2 ¨ +?�[m2 bQKK2i mM2 p�H2m` T�`KB t1, 2, 3u- [mB
+Q``2bTQM/ ¨ mM2 +QmH2m` U"H2m- o2`i- _Qm;2V
lM2 i`B�M;mH�iBQM /2 aT2`M2` 2bi mM2 bm#/BpBbBQM 2M mM MQK#`2 }MB /2 i`B�M;H2b THmb T2iBib i2Hb [m2 ,

RX *?�[m2 bQKK2i /2 ∆ MǶ�TT�`iB2Mi [mǶ¨ mM b2mH i`B�M;H2 /2 H� bm#/BpBbBQM

kX lM +Ƭiû BMi2`B2m` �TT�`iB2Mi ¨ 2t�+i2K2Mi /2mt T2iBib i`B�M;H2b /Bzû`2Mib

S`QTQbBiBQM , _ĕ;H2 /Ƕ�z2+i�iBQM /2b +QmH2m`b /�Mb H� i`B�M;mH�iBQM
GQ`b /2 H� i`B�M;mH�iBQM- QM +`û2 /2 MQmp2�mt TQBMib- bQBi bm` H2b +Ƭiûb /2 ∆- bQBi ¨ HǶBMiû`B2m`- 2i QM H2b
+QHQ`2 �_"Ah_�A_1J1Lh b2HQM H2 +`Biĕ`2 bmBp�Mi ,

RX PM �z2+i2 �mt TQBMib 2tiû`B2m`b HǶmM2 /2b 2 +QmH2m`b /2b bQKK2ib /m +Ƭiû �m[m2H BH �TT�`iB2Mi

kX PM �z2+i2 �mt TQBMib BMiû`B2m`b HǶmM2 /2b 3 +QmH2m`b /2b bQKK2ib /2 ∆

6B;X RXR , lM 2t2KTH2 /2 i`B�M;mH�iBQM
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h?ûQ`ĕK2 , G2KK2 /2 aT2`M2`
.�Mb mM2 i`B�M;mH�iBQM /2 aT2`M2`- BH v � iQmDQm`b �m KQBMb mM i`B�M;H2 +QKTH2i- B2 mM T2iBi i`B�M;H2 �v�Mi
b2b bQKK2ib /2 3 +QmH2m`b /Bzû`2Mi2bX

.ûKQMbi`�iBQM , PM p� T`Q+û/2` 2M /2mt ûi�T2b ,
Ç PM b2 TH�+2 /Ƕ�#Q`/ 2M /BK2MbBQM 1- +Ƕ2bi ¨ /B`2 bm` mM +Qiû /m i`B�M;H2X
LQiQMb nAB H2 MQK#`2 /2 b2;K2Mib +QKTH2ib ABX LQiQMb nAA +2HmB /2 b2;K2Mib AAX LQiQMb iA H2 MQK#`2
/2 TQBMib A BMiû`B2m`b �m b2;K2Mi UQM 2t+Hmi H2 A /2 HǶ2ti`ûKBiûV
aB HǶQM +QKTi2 H2b TQBMib A b2;K2Mi T�` b2;K2Mi- QM 2M i`Qmp2 2nAA + nABX J�Bb H2b A BMiû`B2m`b QMi ûiû
+QKTiûb 2 7QBb- +2 [mB MQmb /QMM2 mM2 û[m�iBQM , 2nAA + nAB = 2iA + 1- +2 [mB 7Q`+2 nAB P 2N+ 1

Ç S�bbQMb K�BMi2M�Mi 2M /BK2MbBQM 2X LQiQMb c H2 MQK#`2 /2 i`B�M;H2 +QKTH2ibX LQiQMb a H2 MQK#`2 /2
i`B�M;H2 /2 ivT2 ABA Qm BABX LQiQMb �mbbB BnAB H2 MQK#`2 /2 +Qiûb AB bm` H2 #Q`/ /m i`B�M;H2 ∆- 2i
iAB H2 MQK#`2 /2 +Qiûb AB ¨ HǶBMiû`B2m` /2 ∆X
1M +QKTi�Mi H2b +Ƭiûb AB i`B�M;H2 T�` i`B�M;H2- QM 2M i`Qmp2 2a + cX G¨ 2M+Q`2- H2b BMiû`B2m`b QMi ûiû
+QKTiûb /2mb 7QBb- /QM+ QM � HǶû[m�iBQM , 2a + c = 2iAB + BnAB 2i T�` H2 +�b T`û+û/2Mi- BnAB 2bi BKT�B`-
/QM+ c �mbbBX

h?ûQ`ĕK2 , úMQM+û /2 "`Qmr2` /�Mb mM i`B�M;H2
aQBi ∆ Ă R2X �HQ`b ∆ � H� T`QT`Bûiû /m TQBMi }t2

.ûKQMbi`�iBQM , aQBi ∆ mM i`B�M;H2 /m TH�M i`B�M;mH�`Bbû b2HQM aT2`M2`X
aQBi f : ∆ ÝÑ ∆ mM2 �TTHB+�iBQM +QMiBMm2X JQMi`QMb [mǶ2HH2 � mM TQBMi }t2- 2M miBHBb�Mi H2b +?�KTb /2
p2+i2m`bX SQm` +2H�- BH 7�mi +QHQ`B2` H2 TH�M b2HQM H2b `ĕ;H2b ûi�#HB2bX

*QMp2MQMb [m2 H� T�`iB2 bmTû`B2m`2 ;�m+?2 2bi 2M p2`i- H� bmTû`B2m`2 /`QBi2 2M #H2m 2i HǶBM7û`B2m`2 2M `Qm;2
U+2 +?QBt 2bi �`#Bi`�B`2- BH /ûT2M/ mMB[m2K2Mi /m i`B�M;H2 /2 /ûT�`i- B+B +Ƕ2bi +2HmB /2 H� };m`2 RXRXV
.QMMQMb MQmb (∆n)n mM2 bmBi2 /2 i`B�M;mH�iBQMb /2 aT2`M2` i2HH2 [m2 H2b i`B�M;H2b /2 ∆n �B2Mi iQmb /2b
+Ƭiûb /2 HQM;m2m` ! 1

n
U+2 [mB 2bi iQmDQm`b TQbbB#H2VX S�` H2 H2KK2 /2 aT2`M2`- TQm` iQmi n- ∆n �/K2i �m

KQBb mM i`B�M;H2 +QKTH2i- [mǶQM MQi2 Tn = [AnBnCn]X
*QMbB/û`QMb H2b bmBi2b (An)n- (Bn)n- (Cn)n /�Mb ∆NX S�` +QKT�+Biû /2 ∆- QM 2ti`�Bi /2b bQmb@bmBi2b ,
Aϕ(n) ÝÑ

nÑ+8
A1 - Bϕ(n) ÝÑ

nÑ+8
B1 - Cϕ(n) ÝÑ

nÑ+8
C 1 Qɍ (A,B,C) P ∆3
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S�` bQm+B /2 bBKTHB+Biû- QM +QMbB/ĕ`2 H� KāK2 2ti`�+i`B+2 /B`2+i2K2Mi- BH 7�m/`�Bi TQm` āi`2 T�`7�Bi2K2Mi
`B;Qm`2mt 2ti`�B`2 /Ƕ�#Q`/ bm` (An)n- TmBb bm` (Bn)n- 2i 2M}M bm` (Cn)nX

J�Bb T�` +QMbi`m+iBQM , S2`BK(Tn) !
3

n
ÝÑ

nÑ+8
0 /QM+ , A1 = B1 = C 1- QM MQi2 P +2 TQBMi (♣)

S�` +QMiBMmBiû /2 f ,

$
’&

’%

ÝÑ
V (A1) P �/?(")
ÝÑ
V (B1) P �/?(")
ÝÑ
V (C 1) P �/?(")

2i �/?(") X �/?(") X �/?(") = t0R2u =
ÝÑ
V (P ) T�` (♣)

*2H� bB;MB}2 2t�+i2K2Mi [m2 P 2bi mM TQBMi }t2 /2 f X

�TTHB+�iBQM , :ûMû`�HBb�iBQM /m i?ûQ`ĕK2
GǶûMQM+û `2bi2 p`�B /�Mb H2 +�b /ǶmM +QKT�+i +QMp2t2 UQm KāK2 +QMM2t2 T�` �`+bV /ǶBMiû`B2m` MQM pB/2X

.ûKQMbi`�iBQM , SHmbB2m`b TQBMib bQMi ¨ DmbiB}2` ,
Ç G� T`QT`Bûiû /2 TQBMi }t2 2bi mM2 MQiBQM Tm`2K2Mi iQTQHQ;B[m2X 1M 2z2i- bB HǶQM � X

uÝÑ Y mM ?QKûQ@
KQ`T?BbK2- [m2 X � H� T`QT`Bûiû /m TQBMi }t2- 2i [m2 HǶQM � Y

fÝÑ Y [mB 2bi C 0- �HQ`b TQm` P TQBMi }t2
/2 u´1 ˝ f ˝ u- u(P ) 2bi mM TQBMi }t2 /2 f - /QM+ Y � H� T`QT`Bûiû �mbbBX

Ç oB� /2b ?QKûQKQ`T?BbK2b U/2b [mQiB2Mib /2 /Bbi�M+2bV- QM T2mi b2 `�K2M2` /m +QKT�+i +QMM2t2 T�`
�`+b UQm +QMp2t2V ¨ mM /Bb[m2 /2 `�vQM �`#Bi`�B`2 UTQm` T2m [mǶBH M2 bQ`i2 T�b /m +QKT�+i- #B2M 2Mi2M/mVX
SQm` +2H�- QM 2MpQB2 H2b TQBMib /m #Q`/b /2 K bm` H2b #Q`/b /m /Bb[m2- 2i TQm` iQmi TQBMi BMiû`B2m`- bQM
BK�;2 2bi /û}MB2 T�` H� 7Q`KmH2 ,

ÝÝÝÝÝÑ
Ou(M) =

∥∥∥ÝÑ
Oθ
∥∥∥

∥∥∥
ÝÝÑ
OP 1

∥∥∥
ÝÝÑ
OM

P 1 2bi mM TQBMi bm` H2 #Q`/ /2 K- θ = u(P 1) 2bi bm` H2 #Q`/ /m /Bb[m2- 2i M 2bi mM TQBMi /m b2;K2Mi
θP 1X LQiQMb [m2 +2H� /û}MBi #B2M /2b ?QKûQKQ`T?BbK2b U[mQiB2Mi /2 /Bbi�M+2b- +QMiBMm2b- 2i HǶQTû`�iBQM
2bi +H�B`2K2Mi #BD2+iBp2- 2M 7�Bb�Mi HǶQTû`�iBQM BMp2`b2VX

6�B`2 mM /2bbBM TQm` H2 KQMi`2`XXX 1M h2s +Ƕ2bi +?B�MiX

S�` mM T`Q+2bbmb iQmi ¨ 7�Bi bBKBH�B`2- QM 2MpQB2 H2 /Bb[m2 bm` mM i`B�M;H2 BMb+`Bi /2/�Mb UH2b 7Q`KmH2b
/û}MBbb�Mi H2b T`QD2+iBQMb bQMi �M�HQ;m2bVX AH bm{i /QM+ /2 T`Qmp2` H2 `ûbmHi�i TQm` mM i`B�M;H2- 2i /ǶmiBHBb2`
H2 T`2KB2` TQBMi TQm` ;ûMû`�HBb2` �m +QKT�+i KX

_û7û`2M+2 ,
@ >2MH2 c � +QK#BM�iQ`B�H BMi`Q/m+iBQM iQ iQTQHQ;v c T�;2 je@9k
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